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Abstract

A nonlinear dry friction problem with harmonically varying normal load is formulated, in the context of a two-degree of

freedom torsional system, since virtually all of the prior literature focuses on the topic of time-invariant normal load. First,

pure stick, pure slip and stick–slip motions are computationally and analytically determined when excited by a sinusoidal

torque, in the presence of harmonically varying saturation torque; mean terms are included in both. These analyses yield

both transient and steady-state time histories under various conditions. Second, the effects of time-varying normal load on

steady-state responses have been investigated and nonlinear spectral maps (including super-harmonics) are developed.

Results show that the actuation system parameters could affect steady-state stick–slip motions in different ways over the

lower and higher frequency regimes, as a result of time-delay in slip motions with respect to the torque excitation. In

particular, the negative slope characteristics in the friction law exaggerate the stick–slip vibration problems, and it is the

major cause of bifurcations and quasi-periodic or chaotic motions. Around the super-harmonic peak frequencies, the

nonlinear system tends to lose stability as abrupt jumps in the spectral maps take place. An equivalent viscous damping

model is considered to analytically investigate the instability mechanism. Further, the periodicity of the system response

under harmonically varying actuation is conceptually by employing the harmonic balance method. Finally, steady-state

behavior is examined for the nonlinear, time-varying dry friction problem.

r 2006 Elsevier Ltd. All rights reserved.
1. Introduction

Dry friction elements are encountered in many mechanical and structural systems, under a variety of
operational conditions [1–10]. First, consider the classical friction damper example of Fig. 1(a) where a single-
degree-of-freedom (sdof) torsional system is shown. Assuming a time-invariant normal load N, the equation
of motion is I €yþ Tcðy; _yÞ þ Tf ðN; _yÞ ¼ TeðtÞ where Tcðy; _yÞ is the constraint torque, TeðtÞ is the externally
applied torque excitation, I is the inertia, y is the angular displacement and Tf is the friction torque given
time-invariant N; one could employ one of the several Tf ð

_yÞ relationships [3,6,8–10]. Indeed, there is a
ee front matter r 2006 Elsevier Ltd. All rights reserved.
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Nomenclature

A area of actuation pressure
C torsional viscous damping coefficient
I torsional inertia
K torsional stiffness
N normal force
P pressure
R moment arm
t time
T torque
a exponentially decaying factor
d relative angular displacement
o angular frequency
c phase lag
y absolute angular displacement
s conditioning factor
O angular speed
z various damping ratio
m friction coefficient

Subscripts

1, 2, 3 inertial element indices
c constraint

d damped
e engine
f friction
k kinetic
m mean
max maximum
n natural frequency
p fluctuating component or perturbation
s static or saturation
ss steady state
t transmission

Superscripts

– normalized value
. first derivative with respect to time
.. second derivative with respect to time

Operators

j j absolute value
o 4t time-average operator
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substantial body of literature on time-invariant friction torque or force, especially when the saturation forces
or torques are small [1–8]. Second, assume that N varies with time, say intentionally through an actively
controlled actuation mechanism that applies time-varying pressure PðtÞ on an area A. Thus the nonlinear,
time-varying (NLTV) friction torque Tf ðNðtÞ; _yÞ is given by mNðtÞR ¼ mPðtÞAR, where R is a moment arm and
m is the coefficient of friction. Of course, one may find yet physical processes where the contact loads may
change periodically anyway, such as in gear pairs [11,12]. To the best of our knowledge, no prior researcher
has addressed the harmonically varying nonlinear friction force or torque issue, with the exception of sliding
friction in gears [11,12].
2. Problem formulation

2.1. Physical system

In this article, we investigate the effect of harmonically varying normal load NðtÞ on the dynamics of a two-
degree-of-freedom (2dof) torsional system with nonlinear dry friction path. Example systems include the
slipping torque converter clutch (TCC) in an automotive driveline system as schematically illustrated in Fig.
1(b). Other applications may include smart clutch [13] and dual clutch transmission [14,15] concepts. Unlike a
pure dry friction damper (such as the one in Fig. 1(a)), the dry friction element in Fig. 1(b) functions as a key
power transmission path. For example, in a vehicle with automatic transmission, the fuel economy can be
improved by applying a slipping TCC to avoid the power loss within the fluid torque converter [16,17]. As
shown in Fig. 1(b), the nonlinear friction torque Tsf transmitted within the TCC is applied by a hydraulic
actuation pressure PðtÞ, which is controlled by a pulse-width modulated solenoid valve [18]. Accordingly, a
time-varying normal load is created assuming a fixed pressure area for a given physical system, i.e.
NðtÞ ¼ PðtÞA. By controlling P or N, a target slip speed (Oe � Ot) is achieved, ensuring a best compromise
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Fig. 1. Torsional systems with dry friction element: (a) classical sdof dry friction damper system; (b) example case of this article: 2dof

driveline system with time-varying normal load in the dry friction path.
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between the fuel efficiency and ride quality [18,19]. Several researchers have studied the effect of the feedback
control systems and hydraulic actuation system dynamics [18,20]. However, the essential dry friction
nonlinearity has been either ignored or linearized around the operating point assuming small motions.

Recently, Duan and Singh investigated system dynamics of a torsional system with a dry friction controlled
path [21,22]. Significant stick–slip motions are found under harmonic torque excitation. Nonlinear frequency
response characteristics have been studied using analytical or semi-analytical methods. However, a constant N

was assumed in the previous studies. In this article, we assume the normal load N to be sinusoidal with a mean
(dc) term, as a result of the oscillations within the hydraulic control circuit [18]. We also consider the
possibility of a negative slope in the friction characteristics (the Stribeck effect of the lining material). Both of
these effects could induce quasi-periodic or chaotic responses and consequently pose difficulty for the system
control and introduce objectionable noise and vibration problems to the vehicle systems.

2.2. Governing equations of 2dof torsional system

The vehicle driveline system can be represented by a simplified 2dof torsional model as in Fig. 1(b). Here, I1
represents the combined torsional inertia of flywheel, I2 is the inertia of friction shoe and pressure plate and
the wheel and vehicle sub-system I3 is considered as ground. The governing equations are

I1 €y1 þ Tf ð
_y1 � _y2; tÞ ¼ TeðtÞ ¼ Tm þ Tp sinðotÞ, (1a)

I2 €y2 þ C23
_y2 þ K23y2 ¼ Tf ð

_y1 � _y2; tÞ. (1b)

Here, y1 and y2 are absolute angular displacements; C23 and K23 are the lumped viscous damping and stiffness
associated with the automotive driveline. Further, we reformulate the equations in terms of relative motions
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where d1 ¼ y1 � y2 andd2 ¼ y2:

I1 €d1 �
I1

I2
C23

_d2 �
I1

I2
K23d2 þ 1:0þ

I1

I2

� �
Tf ð

_d1; tÞ ¼ Tm þ Tp sinðotÞ, (2a)

I2 €d2 þ C23
_d2 þ K23d2 ¼ Tf ð

_d1; tÞ. (2b)

The engine torque excitation TeðtÞ is composed of mean Tm ¼oTe4t and pulsating TpðtÞ components, where
o 4t is the time-average operator. Using the Fourier series expansion, express it as TeðtÞ ¼ TmþP

nTpn sinðopntþ fpnÞ, where n is the harmonic order of the firing torque sequence, opn ¼ ðNe=2ÞnOe, Ne is
the number of engine cylinders [23], Tpn is the amplitude for the nth harmonic and fn is the associated phase
lag. In this study, only the dominant harmonic component (op1 ¼ o) is considered for the sake of simplicity,
i.e. TeðtÞ ¼ Tm þ Tp sinðotÞ.

2.3. Friction torque formulation

The nonlinear friction torque Tf ð
_d1; tÞ is carried by the clutch and then it acts as an equivalent torque

excitation to the downstream system. In a realistic automotive system, a pulse-width modulated solenoid valve
would generate a time-varying P by changing the command value or duty ratio [18]. That results in a nonlinear
time-varying (NLTV) friction torque formulation, Tf ð

_d; tÞ ¼ mð_dÞNðtÞR. Note that R is assumed to be time
invariant. Assume NðtÞ as a sinusoidal signal with mean pressure Nm, amplitude Np and the actuation load
frequency of :

NðtÞ ¼ Nm þNp sinðof tþ cÞ. (3)

Here, c is the phase lag between the actuation load (pressure) and TeðtÞ. Further, NðtÞ is assumed to be
positive-definite to ensure that no separation occurs across the frictional interface, i.e. Np=Nm 2 ½0; 1Þ. We
employ the following friction formulation mð_d1Þ to examine the phenomenological dynamic behavior [9]:

mð_d1Þ ¼
mk þ ðms � mkÞe

�a _d1j j
h i

sgnð_d1Þ; _d1
�� ��40;

½0�ms�; _d1 ¼ 0:

8<
: (4)

Here, a is a positive constant that controls the gradient of m with respect to _d1. In our study, a ¼ 2 is chosen for
the sake of illustration. In addition, a multi-valued regime exists at _d1 ¼ 0. To facilitate parametric studies, we
incorporate some parameters such as mk and R into NðtÞ to yield the following NLTV friction torque:

Tf ð
_d; tÞ ¼ m̄ð_d1ÞTsðtÞ; TsðtÞ ¼ mkNðtÞR ¼ Tsm þ Tsp sinðof tþ cÞ. (5a,b)

Here, m̄ð_d1Þ is a normalized friction coefficient with respect to mk:

m̄ð_d1Þ ¼
1:0þ ms

mk
� 1:0

� �
e�a

_d1j j
h i

sgnð_d1Þ; _d1
�� ��40;

0� ms

mk

h i
; _d1 ¼ 0:

8><
>: (6)
2.4. Objectives

The first objective is to analytically determine the nature of steady-state responses of the torsional system
under harmonically varying dry friction. Analytical solutions under assumed motion conditions will also be
developed to understand the dynamic behavior. The second objective is to analytically and numerically
examine the steady-state responses under the effect of NðtÞ and compare with the time-invariant case with
nonlinear dry friction. Both periodic and chaotic responses will be identified via results in time and frequency
domains. Further, bifurcation diagram and Poincare sections will be constructed by cascading the steady-state
time-domain responses. Interaction between the clutch actuation parameters such as c, of and Tsp, and the
negative slope friction characteristics will be examined.
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3. Computational methodology

For a piece-wise linear or nonlinear element such as dry friction, two numerical schemes, namely the
discontinuous and continuous solutions, can be employed. The first one finds the solutions for different states
and then assembles them [3,8,21]. This method can give an ‘‘exact’’ solution of the non-analytical system but
enormous time is often required in the iterative matching process. Recently, Leine successfully employed
Hénon’s scheme but it is not convenient for a multi-degree-of-freedom system [6]. The second method employs
a stiff differential equation solver but one must first condition the discontinuous nonlinearity. Typical
conditioning functions include arctangent, hyper-tangent and the like [6,21,25]. This method is
computationally efficient but an artificial uncertainty is introduced by the smoothening factor s. Based on
Duan and Singh’s study [21], the user must exercise caution and use the discontinuous solution as a
benchmark. Several researchers have recently used the harmonic balance method to study the nonlinear
systems. For example, Blankenship and Kahraman developed a harmonic balance method to study the geared
system under parametric excitation [26]. However, their method cannot be conveniently implemented
especially when many harmonics must be included in the expansion. More recently, Kim et al. [27] and Duan
and Singh [22] have proposed refined multi-term harmonic balance but both formulations are not suitable for
a system with time-varying parameters because the procedure that converts the residue from time domain to
frequency domain by factoring out the discrete Fourier transform matrix is no longer feasible. Further,
analytical methods such as multi-term harmonic balance always look for periodic steady-state solutions.
Quasi-period or chaotic responses that are of particular importance from the vehicle performance standpoint
cannot be obtained.

To efficiently obtain a complete map of the system behavior including both periodic and aperiodic
responses, an explicit Runge–Kutta 4th(5th) order numerical integration routine with adaptive step size
control (designate as RK45) due to Dormand and Prince is employed [28]. This numerical solution will be
validated, by comparing our predictions with those obtained by a popular ordinary differential solver Xppaut

[24,30]. To facilitate the direct numerical integration, the discontinuous friction law of Eq. (6) is conditioned
employing a hyper-tangent function with a smoothening factor s ¼ 50:

m̄ð_d1Þ ¼ 1:0þ
ms

mk

� 1:0

� �
e�a

_d1j j

� �
tanhðs_d1Þ. (7)

Fig. 2 illustrates the typical steady-state stick–slip behavior. First note that our numerical solution RK45
matches quite well with the discontinuous method of Ref. [31] and Gear’s method (Gear) that is recommended
by the Xppaut software for stiff nonlinear problems [24,30]. Differences are seen when the classical
Runge–Kutta fourth order routine (RK4) of the Xppaut software is selected, possibly due to the numerical
stability problem and as a result of the stiff nature computational problem at hand.
4. Nature of steady-state responses based on approximate analytical solution

For the physical system of Fig. 1(b), three kinds of steady-state responses across the frictional interface are
possible following the initial transients: pure stick, pure slip and stick–slip. While the stick–slip is essentially
controlled by the strong nonlinearity of dry friction element, pure stick or pure slip can be determined ahead
of a numerical simulation by using simplified analytical solutions. For example, Duan and Singh [22] have
proposed a procedure to determine the pure stick response regime for a time-invariant dry friction torque; this
still holds for a time-varying dry friction formulation. Assume the pure stick motion (_d1 ¼ 0) that would
consolidate I1 and I2 into a single inertial body. The nonlinear system of Fig. 1(b) would now behave as a
linear system. The internal friction force Tfi across the interface is determined by ðTeðtÞ � I1 €y1Þ, where €y1 ¼ €d2
under the condition _d1 ¼ 0:

d2 ¼
Tm

K23
þ

Tpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðK23 � ðI1 þ I2Þo2Þ

2
þ ðC23oÞ

2
q sinðotþ jÞ, (8a)



ARTICLE IN PRESS

1.8 1.9 2
0

10

20

30

40

50

0

0.05

0.1

0.15

0.2

0.25

t, s

1.8 1.9 2
t, s

δ 1, r
ad

/s
δ 2, r

ad

.
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j ¼ �tan�1
C23o

K23 � ðI1 þ I2Þo2
. (8b)

Thus,

TfiðtÞ ¼ Tm þ Tp sinðotÞ þ
o2Tpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðK23 � ðI1 þ I2Þo2Þ
2

q sinðotþ jÞ. (9)

When the internal friction torque is asymptotically less than the time-varying dry friction, pure stick motion is
satisfied:

TfiðtÞpmsNðtÞR 8t 2 ½0;1Þ. (10)

Thus, we define a difference variable DðtÞ ¼ TfiðtÞ � msNðtÞR and given its periodicity, the following criterion is
defined to satisfy the pure stick condition:

DðtÞp0 8t 2 ½0; PperiodÞ; Pperiod ¼
2p
o

. (11a,b)

As noted, when the amplitudes of excitation and friction torques are fixed, the lower and higher transition
frequencies from pure stick to stick–slip can be determined via upward and downward frequency sweeps,
respectively [22]. However, it should be pointed out that this process is based on the piece-wise nonlinear
friction law (6). In contrast, when that smoothened friction law (7) is used, the following two effects are
brought into the system dynamics. First, the assumption of only pure stick motions may not be valid. Second,
the maximum friction coefficient or torque decreases with mk given the same ms value as a result of the
smoothening process as shown in Fig. 3. Thus, the resulting ‘‘transition’’ frequency would be affected by the
value of mk, as explored in a subsequent section.

Further, pure slip type steady-state motions are possible as reported by Duan and Singh [29]. As a result of
the speed difference between I1 and I2 during the initial engagement, a pure slip transient would exist [29]. If
we were to assume pure positive slip motion (_d140) and that mk ¼ ms since the negative gradient would
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dominate only when _d1 approaches zero, Eqs. (2a) and (2b) can be approximated as

I1 €d1 �
I1

I2
C23

_d2 �
I1

I2
K23d2 þ 1:0þ

I1

I2

� �
ðTsm þ Tsp sinðof tþ cÞÞ ¼ Tm þ Tp sinðotÞ, (12a)

I2 €d2 þ C23
_d2 þ K23d2 ¼ Tsm þ Tsp sinðof tþ cÞ. (12b)

Together with the following initial conditions as assumed according to the physical system behavior:

d1ð0Þ ¼ 0; _d1ð0Þ ¼ Oe; d2ð0Þ ¼ 0; _d2ð0Þ ¼ 0. (13a2d)

Through mathematical manipulation, Duan and Singh [29] obtain the following functional form where the
coefficients a0, a1, a21, a22 and a3 are determined by Eq. (13):

_d1ðtÞ ¼ a0 þ a1tþ
a21 sinðotþ j21Þ

þa22 sinðof tþ j22Þ

( )
þ a3e

�Bont sinðod tþ j3Þ. (14)
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Table 1

Parameters and excitation amplitude used for simulating the driveline system of Fig. 1b

Parameters and excitation Value(s)

Torsional inertias (kgm2) I1 ¼ 0.20; I2 ¼ 0.02

Torsional viscous damping (Nmrad/s) C23 ¼ 0.6

Torsional stiffness (Nm/rad) K23 ¼ 3000

Engine torque: mean and excitation amplitude (Nm) Tm ¼ 300; Tp ¼ 250

Static (ms) and kinetic (mk) friction coefficients ms ¼ 0.3; mk ¼ 0.15–0.30

Actuation pressure area (m2) A ¼ 0.08

Moment arm (m) R ¼ 0.1

Actuation pressure (kPa) Pm ¼ 200–400; Pp ¼ 0–Pm

Phase lag (radian) c ¼ 0, p/2, p

C. Duan, R. Singh / Journal of Sound and Vibration 294 (2006) 503–528510
As reported previously [29], a1 is determined by ðTm � TsmÞ=I1. When it is greater than zero, the motion
across the frictional interface will be pure slip type although no steady-state responses can be defined since the
relative velocity keeps on increasing. However, when a1 ¼ 0 (Tm ¼ Tsm), steady-state pure slip motions could
also take place and the resulting response can be analytically obtained by eliminating the exponentially
decaying term in Eq. (14):

_d1ssðtÞ ¼ a0 þ a21 sinðotþ j21Þ þ a22 sinðof tþ j22Þ. (15)

Nonetheless, the above-mentioned condition alone cannot warrant pure slip motions. Assuming pure positive
slip motions, another condition has to be added to avoid a crossing of zero velocity:

a0j j4 a21j j þ a22j j. (16)

Although a detailed description of the a0, a21 and a22 expressions would be lengthy for the time-varying dry
friction case, analytical results for the time-invariant dry friction are discussed below for the sake of
illustration. When Tsp ¼ 0 and Tm ¼ Tsm, Eq. (15) will assume the following expression:

_d1ðtÞ ¼ V m �
Tp

I1o
cosðotÞ þ

Tsm

K23

2B
on

e�Bont cosðod tÞ þ
Tsm

K23

2B2 � 1

od

e�Bont sinðodtÞ, (17a)

on ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K23=I2

p
; B ¼ C23=ð2

ffiffiffiffiffiffiffiffiffiffiffiffi
K23I2

p
Þ; od ¼ on

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� B2

p
. (17c2e)

Substitute the initial condition _d1ð0Þ ¼ Oe to obtain V m, the steady-state response of _d1ssðtÞ is found as

_d1ðtÞ ¼ ðOe �
Tsm

K23

2B
on

Þ þ
Tp

I1o
ð1� cosðotÞÞ. (18)

Typical parameters of Table 1 suggest that the term ðTsm2BÞ=ðK23onÞ is negligible compared to the engine
speed Oe, and thus _d1ðtÞ ¼ Oe þ ðTp=I1oÞð1� cosðotÞÞ. Thus, the positive definite condition of _d1ðtÞ
(_d1ðtÞ40 8t 2 ½0; 1Þ) is also satisfied and correspondingly pure positive slip motions are guaranteed. Finally,
note that the dynamic amplitude will be dictated by Tp, I1 and o.

5. Effect of negative slope friction characteristics with a time-invariant normal load

Duan and Singh had earlier studied the dry friction path problem [22] by assuming mk ¼ ms. In this section,
we focus more on the steady-state response when mkpms. Two spectral maps are constructed for examining the
effect of mk in the frequency domain. The first one is the maximum response vs. frequency ratio map by
picking the maximum (max) response amplitude of _d1 at each excitation frequency o. Further, to illustrate the
nonlinear frequency maps, o is normalized with respect to the linear sub-system natural frequency
on ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K23=I2

p
. The second one is the bifurcation diagram (with o=on or mk=ms as a parameter) by picking the

values of d2 corresponding to starting time of each excitation cycle (i.e. t ¼ 2pn=o; n ¼ integer). The reason to
use d2 in constructing the bifurcation diagram is that the variation in d2 is relatively smaller than _d1 at the fixed
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Fig. 4. Effect of mk given a time-invariant friction torque: (a) d1max maps; (b) bifurcation diagrams with o/on as a bifurcation parameter.
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phase point. Since a deterministic relationship between d2 and _d1 exists, a bifurcation in d2 should also indicate
a similar response for _d1. To ensure that the steady-state response has been obtained, the first 50 transient
cycles in the numerical solution are discarded.

Fig. 4(a) shows the effect of mk on d1max. When mk ¼ ms, the map of d1max is a smooth curve and super-
harmonic resonant peaks are not very active. As mk is decreased, more super-harmonic resonant peaks around



ARTICLE IN PRESS
C. Duan, R. Singh / Journal of Sound and Vibration 294 (2006) 503–528512
o=on ¼ 0:167, 0.20, 0.25 and 0.33 appear along with jumps. An upward shift in peak frequencies with a
decrease in mk can be attributed to the ‘‘negative damping’’ effect. Further, the ‘‘transition’’ frequency from
pure stick to stick–slip regimes (around o=on ¼ 0:4) change with respect to the value of mk; this is due to the
smoothened friction law as discussed in the previous section. As noted in Fig. 4(b), a jump in d1max yields a
corresponding bifurcation point. For example, a jump at o=on ¼ 0:2 with mk ¼ 0:83ms changes the period-one
motions in to a period-two type. As mk is decreased further, the period-two type motions become quasi-
periodic or even chaotic responses.

The underlying instability mechanism can be theoretically explained by re-considering the nonlinear friction
torque given essentially as a nonlinear damping term. Expand the nonlinear friction torque using the
Taylor series and neglect the higher order terms to yield the following where Tf ð

_d0Þ is the instantaneous mean
torque:

Tf ð
_d1Þ ¼ Tf ð

_d1cÞ þ
qT

q_d

����
_d¼_d1c

ð_d� _d1cÞ, (19)

qT

q_d1
¼ mkNR

qm̄

q_d1
, (20a)

@m̄

q_d1
¼ s 1:0þ

ms

mk

� 1:0

� �
e�a

_d1j j

� �
½1:0� tanh2ðs_d1Þ� � a

ms

mk

� 1:0

� �
e�a

_d1j jsgnð_d1Þ tanhðs_d1Þ. (20b)

The negative values of qT=q_d1 are shown in Fig. 3(c). The minimum value decreases with a reduction of mk=ms.
This justifies our choice of mk=ms as the bifurcation parameter. Conventional approaches to address the
stability issues have relied on the absolute value of qT=q_d1 and have assumed small oscillations [32]. However,
this approach would not work for our system because the vibrating amplitude is quite large for a system with
significant stick–slip motions as shown in Fig. 2. Instead, we define an equivalent viscous damping (Cf )
element by equating the cyclic energy dissipation:

Cf

Z G

0

_d
2

1 dt ¼

Z G

0

qT

q_d1
_d
2

1 dt. (21)

Re-write the governing Eqs. (1a) and (1b) in the following autonomous form, excluding the excitation and the
instantaneous mean friction torque:

I1 €y1 þ Cf ð
_d1 � _d1cÞ ¼ 0, (22a)

I2 €y2 þ ðC23 þ Cf Þ
_y2 þ K23y2 � Cf

_y1 ¼ 0. (22b)

Observe in the second-order Eq. (22b), that unstable solutions of y2ðtÞ (or d2ðtÞ) shall take place whenever the
following negative damping condition is satisfied. Under such a condition, _y1 and _d1 also lose stability
provided a definite torsional system exists:

Cf o� C23. (23)

Fig. 5 shows the correlation between the calculated Cf and the bifurcation diagram in the frequency range of
0.08–0.30. Since we have essentially employed a straightforward ‘‘brute force’’ linearization method,
it is of course true that we can only partially explain the mechanism of the bifurcations. But, as evident
from our numerical results, whenever the Cf crosses the threshold value of �0.6, a bifurcation is observed. In
other bifurcation regimes where Cf does not cross the threshold, we may need a more sophisticated
method. However, this article focuses on the effect of harmonically varying normal loads and therefore a
detailed examination of the role of negative damping and associated bifurcations is left for a future
study.

On the other hand, a decrease in the value of mk=ms further reduces the minimum value of qT=q_d1. Thus, the
resulting equivalent damping Cf will decrease. Fig. 6 illustrates the tendency by employing mk=ms as a
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bifurcation parameter. As observed, when mk=ms is closer to unity, only period-one motions are seen. When
mk=ms is decreased to around 0.92, a sudden bifurcation yields period-two type motions. Then as mk=ms is
decreased further down to 0.7, the period-two motions become quasi-periodic or chaotic. Fig. 7 shows the
sample time histories of _d1, d2 and the Poincare sections corresponding to three values of mk=ms.
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6. Effect of harmonically varying normal load on steady-state behavior

6.1. Effect of actuation parameters c, of and Tsp with mk ¼ ms

Under the condition of mk ¼ ms, the effect of phase lag c in the actuation pressure is first studied with
of ¼ o. Fig. 8 shows the max spectral map of _d1 and the corresponding bifurcation diagram with o=on as a
bifurcation parameter. At lower frequencies (o=ono0:30 here) the c ¼ 0 value yields the best attenuation of
stick–slip motions compared with the c ¼ p=2 and p values. This is consistent with our analysis of the
transient stick–slip motion as reported in the previous article [29]. But when the frequency is increased, this
attenuation effect is reversed since the time-delay in the positive slip response increases. Fig. 9 shows the
coupled excitation torque and _d1 response at several frequencies with Tsp ¼ 0. When the excitation frequency
is low (o=on ¼ 0:15 and 0.18), the positive slip starts and persists during the first half-cycle of engine torque as
shown in Figs. 9(a) and (b). But when the excitation frequency is higher (o=on ¼ 0:37 and 0.40), a positive slip
is initiated and it continues during the second half of the engine torque cycle as shown in Figs. 9(c) and (d).
Differences in the attenuations over different frequency regimes can be analytically explained by assuming
semi-positive stick–slip motions. First re-examine Eqs. (8) and (9) of the pure stick case under time-invariant
dry friction. Note that the interfacial friction force of Eq. (9) can be also written as follows where d2ðtÞis given
by Eq. (8):

TfiðtÞ ¼ I2 €d2ðtÞ þ C23
_d2ðtÞ þ K23d2ðtÞ, (24)
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TfiðtÞ ¼ Tm þ
Tp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðK23 � I2o2Þ

2
þ ðC23oÞ

2
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðK23 � ðI1 þ I2Þo2Þ

2
þ ðC23oÞ

2
q sinðotþ jþ WÞ, (25a)

W ¼ tan�1
C23o

K23 � I2o2
. (25b)
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Given the system parameters in Table 1, we find that C23o5ðK23 � I2o2Þ in the frequency range of interest.
Thus, W � 0 and

TfiðtÞ � Tm þ
Tp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðK23 � I2o2Þ

2
þ ðC23oÞ

2
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðK23 � ðI1 þ I2Þo2Þ

2
þ ðC23oÞ

2
q sinðotþ jÞ. (26)
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Now the interface friction torque rises with a phase lag j to the excitation TeðtÞ. And j increases from 01 to
1801 and crosses the 901 value at the system natural frequency under the pure stick condition

osn ¼ K23=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I1 þ I2

p
. (27)

And note the following relationship between osn and on given I1 ¼ 0:20 and I2 ¼ 0:02:
osn

on

¼

ffiffiffiffiffi
I2
pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I1 þ I2
p � 0:3. (28)

This clearly explains the specific boundary dividing the two frequency regimes as illustrated in Fig. 8. As
evident from the results, this critical frequency is mainly determined by the system parameters I1and I2.

On the other hand, under the time-varying condition, the following relationships hold:

I1 €d1 �
I1

I2
C23

_d2 �
I1

I2
K23d2 ¼ T eqðtÞ, (29a)

T eqðtÞ ¼ Tm � 1:0þ
I1

I2

� �
sm

� �
þ Tp sinðotÞ � 1:0þ

I1

I2

� �
Tsp sinðotþ cÞ

� �
. (29b)

Note a reduction in the equivalent torque excitation leads to a different phase lag c. This is similar to the
discussion in the previous study on transient responses [29]. As noted, when the positive slip tends to occur
during the first-half of the engine torque cycle, c ¼ 0 provides the maximum decrease in the ‘‘effective’’
excitation T eq and vice versa. Further, all curves in Fig. 8(a) are relatively smooth for the case of mk ¼ ms and
no jumps are seen. Accordingly, no bifurcation is observed in Fig. 8(b).

Second, the effect of of is shown in Figs. 10 and 11. As seen in Figs. 10(a) and 11(a), best attenuation of the
slip motion occurs at lower frequencies as of ¼ o. This effect is however reversed when o is increased. An
explanation can be found in a manner similar to the case discussed above, but with different values of c. Also,
no bifurcations seem to take place in Figs. 10(b) and 11(b). Let us assume that of ¼Mo=N where both M

and N are integers and o is the engine excitation frequency. It is noted that it does not matter whether M and
N are commensurable or not, the resulting motions will possess a period identical to o=N. For example, when
M =N is 1=2, then the motions are of period-two type; when M =N is 2/1, the motions are of period-one type
as shown in Fig. 10(b); when M=N ¼ 2=3, the motions are of period-three type; and when M=N ¼ 4=3, the
motions are also of period-three type as shown in Fig. 11(b). Time histories in Fig. 12 confirm such results.
This phenomenon can be explained via the harmonic balance analysis. For a period—N (NX1) time-varying
actuation, assume periodic-u (uX1) solution of _d1ðtÞ as a truncated Fourier series where o0 ¼ o=u is the
fundamental frequency component:

_d1ðtÞ ¼
XNh

n¼1

an cosðno0tÞ þ bn sinðno0tÞ: (30)

Thus, the NLTV friction torque can be written in the following form where cn and dn expression are Fourier
coefficients of m̄ð_d1Þ. Further, assume M ¼ 1 without a loss of generality:

Tf ðtÞ ¼ Tm þ Tp sin
1

N
o

� �� � XNh

n¼1

cn cosðno0tÞ þ dn sinðno0tÞ

 !
. (31)

Substitute Eqs. (30) and (31) into Eq. (1) to yield the following, where the coefficients f n, gn, rn and sn are
undetermined constants:

XNh

n¼1

f n cosðno0tÞ þ gn sinðno0tÞ
	 


þ sin
1

N
ot

� �XNh

n¼1

rn cosðno0tÞ þ sn sinðno0tÞ½ � ¼ Tm þ Tp sinðotÞ. (32)

The following trigonometric relationships hold:

sin
1

N
ot

� �
cosðno0tÞ ¼

1

2
sin

n

u
þ

1

N

� �
ot

� �
� sin

n

u
�

1

N

� �
ot

� �� �
, (33a)
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sin
1

N
ot

� �
sinðno0tÞ ¼

1

2
cos

n

u
�

1

N

� �
ot

� �
� cos

n

u
þ

1

N

� �
ot

� �� �
. (33b)

Eq. (32) can be further simplified as follows where l1n, l1n and l3n are the Fourier coefficients and Yn, Cn and
Un are corresponding phase angles:

XNh

n¼1

l1n sin
n

u
otþYn

� �h i
þ
XNh

n¼1

l2n sin n
u �

1
N

 �
otþCn

 �
þl3n sin n

u þ
1
N

 �
otþ Un

 �
" #

¼ Tm þ Tp sinðotÞ. (34)

On the left-hand side (LHS) of Eq. (34), the first term is contributed by the mean term of friction torque and
the second term by the alternating TspðtÞ. The right-hand side (RHS) is the periodic excitation. According to
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Eq. (34), given an arbitrary choice of integer N, the following relationship must hold:

u ¼ N. (35)

To prove the above conclusion, first assume u and N are incommensurable, to satisfy the periodicity and like
harmonic terms on the LHS and RHS of Eq. (34). The second term on the LHS needs to be self-balanced to
zero. However, that would indicate that the alternating TspðtÞ has no effect on the overall system response but
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this is not true from the physical perspective. Second, assume u and N are commensurable (but not identical,
i.e. N ¼ Ku where K is an integer), the same requirement as for the incommensurable case is applied to the
second term on the LHS of Eq. (34). The other situation corresponding to u ¼ KN is disregarded here since
only the minimum period defines the periodicity. This reveals an interesting phenomenon: under a time-
varying actuation pressure with period—N, the resulting nonlinear response exhibits the same frequency as the
system would under a dual frequency (1 and M=N) excitation.
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Last, the effect of Tsp is studied given of ¼ o and c ¼ 0. Fig. 13 shows the corresponding max spectral
maps and bifurcation diagram. Consistent with the above-mentioned analyses, a higher value of Tsp provides
the best attenuation of the slip motions at lower frequencies, but this effect is reversed at higher frequencies.
Again, no bifurcation and quasi-periodic or chaotic motions are generated.

6.2. Interaction between negative slope mð_d1Þ and harmonically varying NðtÞ

First, the interaction between mð_d1Þ and c is investigated under the condition of ¼ o and Tsp=Tsm ¼ 0:25.
Fig. 14 shows the resulting max spectral maps and bifurcation diagram with c ¼ 0, p=2 and p, given
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mk ¼ 0:75ms. The combined effects of the negative damping phenomenon and varying phases (or time delays)
are clearly observed in Fig. 14(a). The negative damping introduces active super-harmonic peaks, similar to
Fig. 4(a). Further, three values of c seem to produce the same attenuation effect in the slip motion as the case
mk ¼ ms yielded in Fig. 8(a). The c ¼ 0 phase lag has the best attenuation at lower o but it acts in an opposite
way at higher o. When c ¼ 0, only the pure stick motions exist when o=ono0:15. Consequently, only the
period-one type motions occur in this regime. Note that the transition occurs at a lower value of o=on than
that observed (around 0.18) in Fig. 8(a). This could be attributed to an amplification that is induced by the
negative damping. As o is increased further, super-harmonic peaks appear with jumps. Such jumps would
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Fig. 15. Interaction between mkð
_d1Þ and c given Tsp=Tsm ¼ 0:25, of ¼ o and mk ¼ 0:67ms: (a) maximum frequency response maps of

_d1max: yJy , c ¼ 0; y�y , c ¼ p=2; y+y , c ¼ p; (b) bifurcation diagram.
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certainly indicate a loss in the stability and thus bifurcations are found in Fig. 14b. The severity of bifurcations
seems to be more dependent on the abruptness of jumps than the amplitudes of slip motions. As noted in
Fig. 14(a), a significant jump occurs around o=on ¼ 0:35 given c ¼ 0; consequently the periodic motions
become chaotic. In contrast, the slip motions for c ¼ p are higher at lower o, but the peaks now occur in
relatively smooth manner and accordingly no bifurcations are seen. Similar phenomena are observed in
Fig. 15 except that more bifurcations and quasi-periodic or chaotic motions occur as a result of a further
decrease in the value of mk.

Second, the effect of mk with several of values is studied given c ¼ 0 and Tsp=Tsm ¼ 0:25. Resulting max
spectral maps and bifurcation diagrams are shown in Figs. 16 and 17. Again, the combined effects of negative
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_d1Þ and of given Tsp=Tsm ¼ 0:25, c ¼ 0 and mk ¼ 0:75ms: (a) maximum frequency response maps of _d1max

with: yJy , of ¼ 0:5o; y�y , of ¼ o; y+y , of ¼ 2o; (b) bifurcation diagram.
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damping and mismatched frequencies of are clearly evident. At lower o, the friction torque with of ¼ o
suppresses the slip motions better than the of ¼ 2o case does. Numerous jumps take place in the particular
case of of ¼ 0:5o in Fig. 16, and quasi-periodic or chaotic motions seem to prevail over the entire frequency
range of interest. Similarly, Fig. 18 presents results with several values of Tsp under the of ¼ o and c ¼ 0
condition. As a result of increased attenuation with Tsp in Fig. 18(a), initial quasi-periodic or chaotic motions
at lower o become period-one type at the transition from stick–slip to pure stick motions as shown in
Fig. 18(b). However, enhanced slip motions and enlarged jumps convert the periodic motions back into quasi-
periodic or chaotic ones at higher o, say around 0.25 and 0.35.
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7. Conclusion

Effects of harmonically varying normal load on the steady-state responses of a torsional system with dry
friction path have been studied. To the best of our knowledge, no prior researcher has addressed such an
NLTV friction force or torque issue, with the exception of sliding friction issues in gears in which the
periodically varying friction acts in the off-line-of-action while the mesh force excitation is along the line-of-
action [11,12]. Two further contributions of our article emerge. The nature of steady-state response, for
example, pure stick, pure slip and stick–slip motions, has been analytically defined and determined. Second,
the effects of time-varying friction on steady-state responses have been analytically and numerically studied.



ARTICLE IN PRESS

60

70

80

50

40

30

20

10

0
0.1 0.15 0.25 0.35 0.4 0.450.30.2

0.1 0.15 0.25 0.35 0.4 0.450.30.2

0.1 0.15 0.25 0.35 0.4 0.450.30.2

0.1 0.15 0.25 0.35 0.4 0.450.30.2

0.1 0.15 0.25 0.35 0.4 0.450.30.2

ω /ωn

ω /ωn

δ 1m
ax

, r
ad

/s
.

(a)

(b)

0.2

-0.2

0

δ 2, r
ad

0.2

-0.2

0

δ 2, r
ad

0.2

-0.2

0

δ 2, r
ad

0.2

-0.2

0

δ 2, r
ad

T
sp

/ T
sm 

= 0

T
sp

/ T
sm 

= 0.125

T
sp

/ T
sm 

= 0.25

T
sp

/ T
sm 

= 0.5

Fig. 18. Interaction between mkð
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Results show that the actuation system parameters c, o and Tsp can possibly attenuate the system response.
Analytical study has clearly shown the different attenuations seen at lower and higher frequency regime and
these have been confirmed by the numerical results. Bifurcation diagram are constructed to detect qualitative
changes in the dynamic behavior. The negative slope in m is the major cause of bifurcations and quasi-periodic
or chaotic responses. Around the super-harmonic peak frequencies, the nonlinear system tends to lose stability
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in the form of an abrupt jump in the max spectral maps of _d1 and consequently bifurcations take place. An
equivalent viscous damping term is considered to analytically investigate the instability issues. Further, the
periodicity of the system response under harmonically varying actuation is examined by employing the
harmonic balance method. Finally, some suggestions for future work are outlined. A more efficient
computational solution method for the NLTV problem must be developed since numerical stiffness issues are
encountered. A path following or parametric continuation study should assist in systematically identifying the
nature of the bifurcations.
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